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Effects of fermionic zero modes (bound states in a vortex core) on the rotational dynamics of
vortices with spontaneously broken axisymmetry are considered. The results are compared with
the Helsinki NMR experiments where the vortex cores were driven to a fast rotation and torsional
oscillations by an NMR r.f. field. We predict a resonance NMR absorption on localized states at the
external frequency comparable with the interlevel distance which is similar to the cyclotron Landau
damping. The resonances can resolve the localized levels in vortex cores. For a pure rotation of the
core, the effect depends on the relative signs of the vortex winding and of the core rotation; thus it
is sensitive to the direction of rotation of the container. The similarity with fermionic zero modes
on fundamental strings, which simulate the thermodynamics of black holes, is discussed.
PACS numbers: 67.57.Fg, 74.25.Jb, 04.70.Dy, 11.27.+d
I. INTRODUCTION
Low-frequency dynamics of vortices in Fermi super-
fluids and superconductors is determined by low-energy
excitations. If the energy spectrum of fermionic quasi-
particles in the bulk superfluid/superconducting system
has a finite gap, the relevant low-energy quasiparticles
occur only in vortex cores. The spectrum of fermions
bound to the vortex core has an anomalous branch, which
crosses zero as a function of the angular momentum.
It was first found by Caroli, de Gennes and Matricon
[1] for axisymmetric vortices in s-wave superconductors.
Effects of these quasiparticles on vortex dynamics were
considered in a number of papers (see, for example, Refs.
[2,3]); some of the effects have the same origin as the
chiral anomaly in quantum field theory [4]. New phe-
nomena appear if pairing occurs into a state with a dif-
ferent order-parameter symmetry. For example, a new
dynamics has been recently predicted for vortices in d-
wave superconductors: Due to the localized excitations
which are concentrated near the gap nodes a finite dissi-
pation exists even in the limit of a very long relaxation
time. This happens due to the Landau damping on zero-
sound collective modes in the 1D Fermi-liquid of the lo-
calized states. [5] The particular importance of bound
states near the gap nodes in d-wave superconductors has
been already demonstrated for the density of states [6]:
a single-vortex density of states was predicted to exhibit
a singular 1/E energy dependence resulting in a tem-
perature independent vortex contribution to the specific
heat.
In the present paper, we consider effects of bound
states on dynamics of nonaxisymmetric vortices which
may exist in superfluids with unconventional pairing. In
particular, we consider vortices whose nonaxysymmetric
cores can rotate with respect to the heat bath. This case
is distinct from dynamics of (generally nonaxisymmetric)
vortices in d-wave superconductors where however the
orientation of vortex cores is fixed by the crystal lattice,
and only a translational motion is possible. Such non-
axisymmetric vortices exist, for example, in superfluid
3He-B where the superfluid environment and the heat
bath are homogeneous and isotropic, while the vortex
core exhibits spontaneous anisotropy in the crossectional
plane. This spontaneous breaking of the continuous U(1)
symmetry (axial symmetry) of a single vortex core oc-
curs below the vortex-core transition [7,8] and is similar
to the breaking of the electromagnetic U(1) symmetry in
the core of a cosmic string (the so-called superconducting
string). [9]
In 3He-B vortex experiments, the nonaxisymmetric
vortex cores were driven to fast rotational oscillations
plus rotation with a constant velocity under an applied
r.f. field. [10] In the present paper, we resolve the exist-
ing controversy concerning estimations of the effect of the
core anisotropy on vortex dynamics [10]. We find that the
main effects come from the fermionic zero modes in the
nonaxisymmetric vortex core. In particular, they lead to
resonances which should be observed at lower temper-
atures when the external frequency of the core oscilla-
tions ω is a multiple of the distance between the energy
quantum levels in the core. Such resonances were first
predicted in Ref. [11] for the translational motion of the
axisymmetric vortices in superconductors, but they were
never observed due to a difficulty of exciting translational
vortex oscillations with the required frequency.
We also consider the case when the core rotates around
its axis with a constant angular velocity Ω. The frictional
torque has an asymmetry with respect to the relative
signs of the vortex winding number and the sense of core
1
rotation; it thus can be detected by changing the direc-
tion of one of the rotations. When Ω becomes equal to
the interlevel spacing gapless fermions appear; this has a
close similarity to a d-wave superconductor.
Finally, we discuss our results in connection with the
similarity between the fermionic zero modes in cores of
vortices in condensed matter and fermionic zero modes in
cores of topological objects in cosmology (cosmic strings,
walls, monopoles, etc.). This similarity allows to model
the process of electroweak baryogenesis in the core of
a cosmic string using the superfluid 3He-B. [4] We con-
sider here another aspect of vortex dynamics related to
fermionic zero modes: namely, the possibility to simulate
the event horizon and Hawking radiation by a rotating
vortex core. In this connection, the fermionic zero modes
in a vortex core act exactly as zero modes in fundamental
strings in string description of black holes.
II. HPD DRIVEN CORE OSCILLATIONS
In Ref. [10] the asymmetric cores of vortices were
coherently driven into a rotational and oscillatory mo-
tion using a special and unique dynamical state with
the coherently precessing magnetization, known as the
Homogeneously Precessing Domain (HPD). This phase-
coherent precession is a magnetic counterpart of a super-
fluid coherent state and has the similar off-diagonal long-
range order, thus representing the magnetic superfluidity.
The principles of HPD can be found in the review [12].
The coherent precession has been used to study differ-
ent properties of superfluid 3He-B. In particular, (i) vor-
tices with an asymmetric core [10] (analogs of the Witten
superconducting strings [9]) and (ii) vortices formed at
termination lines of solitons [13] (analog of strings as ter-
minations of walls in cosmology [14]), have been detected
using HPD.
In the HPD, the magnetization precesses with the r.f.
frequency ωRF. The core is driven into motion due to the
dipole torque according to the following equation [10]:
ffrγ˙ = −TD sin 2(ωRFt− γ) + TR sin 2γ. (1)
Here γ is the angle of the core anisotropy director d in the
plane transverse to the vortex axis, d = xˆ cos γ + yˆ sin γ
(see Fig.a); the dipole torque, TD, and the friction pa-
rameter, ffr, are nonzero if the core is anisotropic. The
restoring torque TR appears in a tilted magnetic field
which determines a preferred orientation for the vortex
anisotropy director. Under the condition of the exper-
iment, the friction torque ∼ ωRFffr is large compared
with the driving dipole torque TD. As a result, the core
performs small and fast oscillations superimposed on a
slower drift β(t):
γ(t) = γω cos 2(ωRFt− β) + β. (2)
The effective drift velocity is nonzero for a comparatively
small restoring torque TR < T
2
D/2ωRFffr. From Eq.(1) it
follows that for zero restoring torque, the drift angular
velocity is Ω ≡ β˙ = T 2D/2f2frωRF, i.e., it is much smaller
than the HPD precession frequency. The amplitude of
core oscillations is γω = TD/2ffrωRF,
In principle, the core can perform a pure rotational
motion, too. This happens either for small friction
2ωRFffr < TD when Ω = ωRF, or if the core is twisted
by the NMR r.f. field: after the the external drive is
switched off the core starts to untwist through a free mo-
tion. [10] We consider here both pure rotation and pure
oscillations.
The dominating contribution to the friction comes
from kinetics of fermions in the rotating core which is
thus the primary object of our investigation. We find
that Eq.(1) has a very limited applicability since it does
not contain the proper frequency dependence. We derive
the correct vortex dynamics which also includes the reso-
nance absorption, i.e., the Landau damping on the “zero-
sound-like” modes in the system of localized fermions in
the vortex core.
III. EFFECT OF FERMIONIC ZERO MODES ON
CORE DYNAMICS.
Quasiparticles bound to the vortex. The low-energy
spectrum of Caroli-de-Gennes-Matricon quasiparticles
around a vortex contains an anomalous branch of
fermionic zero modes. Excitations on this branch are
characterized by two canonically conjugated variables,
the angle α of the transverse linear momentum p⊥ of
the quasiparticle, say with respect to the core anisotropy
direction d (see Fig.a), and the angular momentum Q.
For superconductors with the coherence length ξ much
larger than the inverse Fermi momentum, pF ξ ≫ 1, the
electron wavelength is short compared with the core size,
and the quasiclassical approximation is relevant. In the
quasiclassical approximation, the variables α and Q com-
mute and the spectrum has the form
E(Q,α) = −ω0(α)[Q −Q0(α)]. (3)
The quasiclassical angular momentum Q is a continu-
ous variable; thus the anomalous branch crosses zero as
a function of Q at Q = Q0(α). In particular, one has
Q0 = 0 when the vortex-core structure is completely sym-
metric. Q0 becomes finite if parity is violated. This was
found by Schopohl [15] for a nonaxisymmetric vortex in
3He-B; two anomalous branches, which cross zero at two
antisymmetric values, Q = ±Q0(α), are schematically
shown on Fig.b. The magnitude of Q0(α) in continuous
vortices in 3He-A is determined by the core size of the
vortex |Q0(α)| ∼ pFRcore [16,17]. For 3He-B, where the
core radius is of order of coherence length ξ, this esti-
mation gives a large value of Q0 ∼ pF ξ, in accordance
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FIG. 1. (a) Trajectory of the quasiparticle near the asym-
metric vortex core. Angle γ shows the orientation of the core
anisotropy vector d; angle α shows the direction of the trans-
verse linear momentum p⊥ of the quasiparticle with respect to
d; and b is the impact parameter. (b) Quantization of the fast
motion along the trajectory gives two branches of low energy
spectrum E1,2(b, α) in terms of the rest (slow) variables, b and
α. Instead of the impact parameter it is better to use the con-
tinuous angular momentumQ = b|p⊥|. As a function of Q the
spectrum E1,2(Q,α) crosses zero at two antisymmetric values
of Q, which depend on α: Q = ±Q0(α). At the next stage the
true quantum mechanical levels are obtained by quantization
of slow motion using the Bohr-Sommerfeld rule for the canon-
ically conjugated variables Q and α:
∮
dαQ(α,E) = 2pinh¯.
This gives the equidistant levels E = nE0.
with the unpublished calculations by Schopohl for the
nonaxisymmetric vortex with broken parity, the so called
v-vortex. [15]
Kinetic equation for the distribution function f(t, α,Q)
of fermions on the anomalous branch for a system char-
acterized by canonically conjugated variables has a con-
ventional form [18]:
∂f
∂t
+
∂f
∂α
∂E
∂Q
− ∂E
∂α
∂f
∂Q
= −f − f0
τ
. (4)
Here ∂E/∂Q = −ω0(α); f0 is the equilibrium Fermi dis-
tribution function.
If the vortex core rotates the quasiparticle energy de-
pends on time according to E(Q,α, t) = E(Q,α− γ(t)).
After transformation α − γ(t) → α one obtains the fol-
lowing kinetic equation:
∂f
∂t
− (ω0 + γ˙)∂f
∂α
− ∂E
∂α
∂f
∂Q
= −f − f0
τ
. (5)
One can write
f1 = f − f0 = (df0/dE)χ. (6)
If γ˙ = γ˙ωe
−iωt = −iωγωe−iωt is a perturbation with a
frequency ω = 2ωRF, one has(
−iω + 1
τ
)
χ− ω0 ∂χ
∂α
− ∂E
∂α
∂χ
∂Q
= γ˙ω
∂E
∂α
. (7)
Friction torque on a rotating core from fermions on the
bound states in the core is
Tf(ω) = −
∫
dpz
2pi
∫
dαdQ
2pi
∂Q
∂t
χ
∂f0
∂E
=
∫
dpz
2pi
∫
dαdQ
2pi
∂E
∂α
df0
dE
χ. (8)
The eigen-states or zero-sound-like collective modes in
the Fermi-liquid of localized states are obtained as solu-
tions of the homogeneous equation, the Eq.(7) without
the driving term on the right hand side:
χ0(α,Q, ω) = Λ[E(α,Q)]e
F (α,ω), (9)
F (α, ω) =
∫ α
0
dα′g(α′, ω) , g(α, ω) =
−iω + 1/τ
ω0(α)
(10)
where Λ(E) is an arbitrary function of E. The eigen-
values are obtained from the requirement of periodicity
χ(α,Q) = χ(α+ 2pi,Q):
∫ 2pi
0
dα g(α, ω) = 2pini, (11)
where n is an integer. In the collisionless regime, this
gives eigenfrequencies of the collective modes:
ω = nE0 ,
1
E0
=
∫ 2pi
0
dα
2pi
1
ω0(α)
≡
〈
1
ω0
〉
, (12)
Here E0(pz) is an exact minigap as distinct from the
quasiclassical minigap ω0(pz) (compare with Ref. [5]).
The Landau damping on these discrete frequencies occurs
even in the collisionless regime. It is completely analo-
gous to the Landau cyclotron damping. Let us consider
this in more detail.
General solution of the Eq. (7) can be found from the
following consideration. Since both the energyE(α,Q) =
−ω0(Q−Q0) and the r.h.s. of Eq.(7) are binomials of Q,
a general solution can also be represented as a binomial
in Q, and thus as a binomial in E:
χ(α,Q, ω) = [a(α, ω)E(α,Q) + b(α, ω)]eF (α,ω). (13)
The functions a and b satisfy the equations
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∂a
∂α
= − γ˙ω
ω20
∂ω0
∂α
e−F (α,ω),
∂b
∂α
= −γ˙ω ∂Q0
∂α
e−F (α,ω). (14)
At small T the linear-in-E term in Eq. (13 ) is small
and thus only the equation for b(α, ω) is important. The
solution for b consistent with the periodicity of χ gives
for E → 0
χ(α, ω) = −γ˙ωeF (α,ω)
[∫ α
0
dα′
∂Q0
∂α′
e−F (α
′,ω)
+
1
e−F (ω) − 1
∫ 2pi
0
dα
∂Q0
∂α
e−F (α,ω)
]
, (15)
where F (ω) ≡ F (2pi, ω).
Landau cyclotron damping. In the collisionless limit
and close to a pole at ω = nE0 one has
χ(α, ω ≈ nE0) = − γ˙ω
2pii
E0
ω − nE0 + i/τ
×eF (α,nE0)
∫ 2pi
0
dα
∂Q0
∂α
e−F (α,nE0). (16)
The torque on the core is
Tf(ω) = −γ˙ω
∫
dpz
2pi
G(ω, pz) ≡ −γ˙ffr(ω) (17)
Close to the resonance one has the response
G(ω, pz) =
iE0
ω − nE0 + i/τ
×
〈
∂Q0
∂α
eF (α,nE0)
〉〈
∂Q0
∂α
e−F (α,nE0)
〉
. (18)
Let us consider the resonance absorption in the simple
model in which ω0 does not depend on α while the core
anisotropy is represented only by the function Q0(α).
This model is close to what was found by Schopohl [15].
In the simple model of constant ω0, one has
G(ω, pz) =
iE0n
2|Q0n|2
ω − nE0 + i/τ , Q0n =
∫
dα
2pi
Q0(α)e
inα,
where Q0n is the n-th harmonic of the Q0(α).
The pz dispersion of the exact minigap E0(pz) results
in formation of an absorption band [11]. If the frequency
ω falls within the band, the poles in G(ω, pz) give rise to
the Landau damping even in the completely collisionless
limit: the friction coefficient is
Reffr(ω) =
∑
n>0
E0(pzn)n|Q0n(pzn)|2
[∣∣∣∣dE0dpz
∣∣∣∣
pzn
]−1
(19)
where pzn is the momentum for which the resonance con-
dition, nE0(pzn) = ω, takes place.
NMR absorption: Collisionless regime. Eq. (1) is
modified due to the frequency dispersion of the response
function:
ffr(ω)γ˙ω = −TD, (20)
which gives the NMR resonant absorption
P =
1
2
Reffr(ω)|γ˙ω|2 = 1
2
T 2DRe f
−1
fr (ω). (21)
In the collisionless regime, Eq. (19) can be used. The
resonant absorption starts with a sharp minimum in the
background absorption. Indeed, if ω is at the edge of the
band nE0(pz) where dE0/dpz = 0 the absorption propor-
tional to [Re ffr(ω)]/|ffr(ω)|2 decreases sharply due to an
infinitely large real part of ffr(ω). It goes exactly to zero
in the ideal collisionless limit. Observation of these “van
Hove” zeroes would resolve the minigap in NMR experi-
ments.
NMR absorption: Hydrodynamic limit. In the hydro-
dynamic limit, ω0τ ≪ 1, we have F (ω) ≫ 1, and the
first term in Eq. (15) dominates. It results in a local
expression
χ = γ˙ω
∂Q0
∂α
ω0
−iω + 1/τ (22)
The friction parameter which enters the NMR absorption
in Eq.(21) becomes
Re f−1fr (ω) =
1
τ
[
pF
pi
〈
ω0
(
∂Q0
∂α
)2〉
F
]−1
. (23)
where 〈. . .〉F is the average over the Fermi surface.
The experiment of Ref. [10] has been carried out in the
temperature range 0.48Tc < T < 0.6Tc while, according
to Ref. [4], the hydrodynamic regime τω0 < 1 occurs only
above T ∼ 0.6Tc. Let us compare, however, the theory
and experiment at T = 0.6Tc. The experimental value
of the friction parameter in Eq.(1), ffr ∼ 5 × 10−18 erg
s/cm at T = 0.6Tc [10], can be obtained if one takes√
< (∂Q0/∂α)2 > ∼ 10. This large magnitude of the
derivative ∂Q0/∂α is not inconsistent with the Schopohl
result: Q0 ∼ pF ξ. However, since T is not small in the
experiment, the T 2 term which results from the omitted
energy-dependent terms in Eq. (15) can be important
and can give a comparable contribution to ffr. The tem-
perature is to be decreased to resolve the value of Q0.
IV. UNIFORM CORE ROTATION.
If the vortex core rotates with a constant angular ve-
locity Ω the asymptotic solution is time independent and
obeys the equation
1
τ
χ− (ω0 +Ω)∂χ
∂α
− ∂E
∂α
∂χ
∂Q
= Ω
∂E
∂α
. (24)
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The case of a slow rotation is equivalent to Eq. (22)
with ω = 0 and γ˙ = Ω. In the hydrodynamic limit, we
thus have Eq. (23).
The case of a fast rotation Ω ∼ ω0 can be considered as
a linear responce only in the limit of a small anisotropy,
∂ω0/∂α ≪ ω0 and ∂Q0/∂α ≪ Q0. Using the perturba-
tion theory in the anisotropy parameters, we can solve
the kinetic equations for both high and small relaxation
rate. Using the ansatz of Eq. (13), we find the periodic
solution
χ =
∫ 2pi
0
dα′
[
Θ(α− α′)
eΦ − 1 +
Θ(α′ − α)
1− e−Φ
]
b(α′)eΦ(α−α
′
)
(25)
where
b(α) =
Ωω0
ω0 +Ω
∂Q0
∂α
, (26)
Φ(α) =
α
τ(ω0 +Ω)
, Φ ≡ Φ(2pi). (27)
For T → 0 when df0/dE = −δ(Q − Q0)/ω0 and
dE/dα = ω0dQ0/dα, one obtains the response function
G(0) =
ω0
ω0 +Ω
∫ 2pi
0
dαdα′
2pi
×
[
Θ(α− α′)
eΦ − 1 +
Θ(α′ − α)
1− e−Φ
]
∂Q0
∂α
∂Q0
∂α′
eΦ(α−α
′
). (28)
Resonance. Eq. (28) essentially depends on the sense
of the rotation of the vessel, which determines the rela-
tive signs of ω0 and Ω. The most interesting situation
occurs when ω0 and Ω have opposite signs. In this case
the resonance absorption should occur when −Ω is close
to ω0. In the hydrodynamic regime, |ω0 + Ω| ≪ 1/τ ,
the frictional torque coincides with Eq.(23). In the inter-
mediate regime, |ω0 + Ω| ≫ 1/τ ≫ |ω0− < ω > |, one
obtains
ffr =
pF
pi
〈
ω0
(ω0 +Ω)2
〈
Q20
〉− 〈Q0〉2
τ
〉
F
. (29)
Using Eq. (29) and Eq. (23), one can approximate the
resonance absorption by
ffr = pF
〈
ω0δ(ω0 +Ω)
[〈
Q20
〉− 〈Q0〉2]〉
F
, (30)
If, for the proper sense of rotation, the function
ω0(pz) +Ω crosses zero at some pz0, the friction remains
finite even in the limit τ ≫ 1/ω0 (however, τ has to be
small compared to the inverse dispersion):
ffr =
∫
dpz
2
ω0δ(ω0 +Ω)
[〈
Q20
〉− 〈Q0〉2]
=
ω0
|dω0/dpz|pz0
[〈
Q20
〉− 〈Q0〉2] . (31)
In the simple-core model where ω0 is independent of α
and Q0 has only one harmonic,
Q0(α) = ±g cosα, (32)
the solution is
χ = A sinα+B cosα , A = − ω0Ωτg
1 + (ω0 +Ω)2τ2
. (33)
The factor B is not important since it does not contribute
to the friction torque. The friction torque has a resonance
behavior
G(pz) =
g2
2
ω0τ
1 + (ω0 +Ω)2τ2
. (34)
in agreement with both Eq. (29) for collisionless regime
and Eq. (23) for the hydrodynamic regime.
V. DISCUSSION
The interesting problems to be discussed in the future
are related to the resonance behavior, which occurs when
the edge of the minigap band ω0(α) as a function of α
crosses the angular velocity Ω of the unifrom rotation. If
the bottom of the band is chosen at α = 0 (and also at
α = pi due to symmetry of the core) one has near the
bottom
ω0(α) + Ω ≈ ω0(0) + Ω + 1
2
βα2 , β = d2ω0(0)/dα
2.
At the moment when Ω touches the bottom ω0(0), the
shifted minigap ω0(α) + Ω has nodes of a second order.
The same situation occurs for non-rotating vortices in
the d-wave superconductors. The higher-order gap nodes
have serious consequences for the vortex thermodynamics
[19,6] and dynamics [5]. In particular, the dissipation
occurs even in the superclean limit.
Let us start with a small positive ω0(0) + Ω and then
continue it analytically to a negative value. We are in-
terested in the Bose-factor in Eq.(25) in the collisionless
limit τ =∞ with a finite frequency ω. Substituting 1/τ
with −iω, we find for 0 < ω0(0) + Ω≪ ω0(0)
Φ ≈ −2iω
∫ pi/2
−pi/2
dα
ω0(0) + Ω +
1
2βα
2
≈ − 2piiω
√
2√
β(ω0(0) + Ω)
.
(35)
Here we took into account that the integral is concen-
trated in the vicinity of α = 0 and also in the vicinity
of α = pi. The analytical continuation of Eq. (35) to a
small negative ω0(0) + Ω gives a real quantity
Φ ≈ − 2piω
√
2√
β |Ω + ω0(0)|
= −4pi ω|∂ω0/∂α|ω0(α)=−Ω
. (36)
The Bose-factor in Eq. (25) thus corresponds to an equi-
librium distribution with an effective temperature deter-
mined by the derivative of the minigap ω0(α) at the point
where ω0(α) = −Ω:
1
eω/Teff − 1 , Teff =
1
4pi
∣∣∣∣∣
(
∂ω0
∂α
)
ω0(α)=−Ω
∣∣∣∣∣ . (37)
This has a close relation with the event horizon prob-
lem [20]. Recently there was a profound progress in
understanding of the Bekenstein-Hawking [21,22] black
hole thermodynamics using the fundamental strings (see
recent review paper by Horowitz [23]). The statistical
origin of the black hole thermodynamics is related to
fermion and boson zero modes of strings. Excitations
having the lowest energy are confined to a circle and
are chiral: they are, say, right-moving along the circle.
Fermions localized in the core of a quantized vortex in
a superconductor or in a Fermi-superfluid of the type of
superfluid 3He have similar properties [1]. The model of
a vortex core where fermions live on a closed line around
the vortex axis in real space was discussed in Ref. [24].
The lowest energy branch (the fermionic zero mode in
the vortex) represents 1 + 1 massless fermions, which are
left-moving (right-moving) around the axis of the vortex,
if the vortex has a positive (negative) winding number.
The axial anomaly caused by the fermion zero modes
during motion of vortices (strings) in 3He and supercon-
ductors [25] has experimentally observable consequences
for the vortex dynamics. [4]
If the canonically conjugated variables on the circle,
i.e., the angle α and the angular momentum Q, are rep-
resented as the coordinate x = α and the momentum
p = Q, the spectrum of fermionic zero modes of the type
of Eq. (3) describes a massless relativistic particle left-
moving along the circle,
E(p, x) = −c(x)(p−A(x)). (38)
Here c(x) = ω0(x) plays the part of the speed of light,
and Q0(α) = A(x) is the vector potential. This spectrum
is universal, though the details, i.e., the functions c(x) =
ω0(α) and A(x) = Q0(α), depend on a particular vortex
structure in a particular superfluid/superconductor.
The gas of these 1 + 1 massless chiral fermions has
the required statistical properties. For example, if we
consider the axisymmetric core, the quasiparticle enrgy
spectrum in terms of the angular momentum quantum
number Q is E = −ω0Q. For such spectrum the number
of quantum states with the fixed total angular momen-
tum Q is [26]
eS , S = 2pi
√
Q/12 . (39)
The same happens also for the nonaxisymmetric vortex,
since its energy spectrum is also linear in quantum num-
ber, E = nE0 according to Eq.(12). This means that
if the vortex has the nonzero momentum Q (this hap-
pens for example if two identical vortices rotate about
their center of mass or if the nonaxisymmetric core ro-
tates) the fermionic entropy S of the core appears to be
nonzero even at T = 0. This violation of the ”Nernst
theorem” is similar to that in the black hole. [23,26] Also
the discrete spectrum of the radiation by the rotating
core, with frequencies which are integral multiple of E0
in Eq.(12), is similar to that by the quantum black hole.
[27]
In the classical limit the rotation of the nonaxisym-
metric vortex can lead to the “event horizon”. This
happens when |Ω| > ω0(0) and the “speed of light”,
c(x) = ω0(α) + Ω, crosses zero at some values of x. The
analogue of the Hawking temperature is to be played by
the spatial derivative of the speed of light at horizon,
THawking = (1/2pi)|(dc/dx)hor| = |(dω0/dα)ω0(α)=−Ω|.
This is two times larger than the effective temperature
in Eq.(37) probably because of two “black holes” in the
core (close to α = 0 and close to α = pi).
To summarize, we predict a resonant absorption on
localized levels in an asymmetric vortex core performing
rotational oscillations which are similar to the cyclotron
Landau damping. For a pure rotation of the core around
its axis with a constant angular velocity Ω, the frictional
torque has an asymmetry with respect to the relative
signs of the vortex winding number and the sense of core
rotation.
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